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Abstract 

We recall the argument based both on Dirac's square root procedure and an intrinsic 
Pauli principle that sterile fundamental fermions with spin 1/2 (sterinos) ought to appear 
in Nature in two or three generations, while the Standard Model leptons and quarks 
are forced to develop three generations. Then, sterinos in two or three generations, if 
stable, lead to the cold dark matter in two or three species, when the thermal freeze-out 
mechanism works properly. If they are stable only in their lowest generation, the so called 
exciting cold dark matter may be formed. 
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1. Introduction 

The global interpretation of recent, still preliminary results of direct {e.g. DAM A) 
and indirect {e.g. PAMELA and, perhaps, INTEGRAL) detection experiments for the 
cold dark matter [1] suggest that there may be more than one of its species with different 
masses [2]. Moreover, the higher-mass species may be not necessarily stable: they may 
be collisionally excited and decay afterwards, leading to the so called exciting cold dark 
matter [3]. 

In the first Ref. [4], where we considered sterile spin- 1/2 fermions (sterinos) as the 
stuff whose thermal freeze-out relic provides today's cold dark matter, we pointed out 
that they may appear in more than one generation. This could be consistent with the 
recent interpretative suggestion about the multiple structure of cold dark matter. 

At any rate, we can readily extend our detailed model of the hidden sector of the 
Universe described in Refs. [4], assuming that among its components, namely sterile 
spin-]/2 fermions (sterinos) and spin-0 bosons (sterons), the former appear in two or more 
generations (then, in our formalism there are two or more dimensionless constants C, as well 
as ^, but still one dimensionless constant r] — cf. the last Ref. [4] for the option with one 
sterino generation, and footnote * for the extension). The nonzero vacuum expectation 
value of steron field generates spontaneously sterino masses (as well as a steron mass). 
Interactions within the hidden sector are mediated by the massive antisymmetric-tensor 
field A^i, (of dimension one), whereas this sector communicates with the Standard Model 
sector (after the electroweak symmetry is spontaneously broken by the Standard Model 
Higgs bosons) through the photonic portal. This portal is provided by the electromagnetic 
field Ffjti, — dfjtAi, — d^A/^ included (besides the sterino and steron fields, ip and </?) into 
the source of mediating field A^,^. A mass of quanta of the field A^,^ — expected to 
introduce into our model a large mass scale — is also generated spontaneously by the 
nonzero expectation value of the steron field. This nonzero value produces spontaneously 
sterino magnetic moments as well [4], which can make of the cold dark matter (composed 
of sterinos) a weakly magnetized medium in external magnetic fields (appearing locally 
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in the UniverseJ*] 

In such a model, the thermal freeze-out relic of sterinos in two or more generations 
is a candidate for cold dark matter. This requirement constrains strongly masses of 
sterinos, sterons and quanta of the field Af^i, {cf. Refs. [4] for the option with one sterino 
generation). In the simplest case, sterinos in two or more generations are stable, leading 
to stable cold dark matter in two or more species. But, some transitions between sterino 
generations, if allowed, may produce the exciting cold dark matter instead. 



*Our formalism for two or more sterino generations goes as follows. Before the spontaneous 
mass generation for sterinos, sterons and quanta of the field A^j,^, the electromagnetic Lagrangian 
— (l/4)F^i,F'^'' — jf^A^^ supplemented by the hidden-sector Lagrangian with two or more sterino gen- 
erations gets the form 



i^xA^^){^^A^'•')-^7^^^A^,A''^^ 



where V{(p) = — (l/2)/i^(^^ -f (l/4)A(p^ and ip =<(p>vac +</3^p'^-'. After the spontaneous mass generation 
by <(p>vac the potential V(if) gives 



(in the tree approximation) . For ^ and ^ , the Lagrangian £ leads to the field equations 



and 

' □ 



/ dV\ / 2 A 2 \ 

and A^j^u, the Lagra 
d''{F^, + ^^A^,)^-j^, 

i?7</j^^ A^u = -V7 {^F^u + ^Ci^iO^^viH^ , 

with F^i, = df^iAi, — dvA^. They may be called supplemented Maxwell equations. Here, and 
are the Standard Model electromagnetic field and electric current {F^^, appears after the electroweak 
symmetry is spontaneously broken by the Standard Model Higgs bosons and photons emerge). The 
masses, spontaneously generated by <(/3>vac, are m^^ = <'/3>vac, iti^ = a/2A <(p>vac and Ma = 
^J 77/2 <(^>vac- The sterino magnetic moments, also spontaneously generated by <<y5>vac, are given 
through the field equation for following from the Lagrangian £, 

^^x-i^^-\^^fC,^a^uA^'''\ V^ = 0, 



«7 

which in the recoil-free approximation of A^J_y ~ [2.\/f/{ri < <y9 >vac)]^/jiy [^VJ^il {'^'^'H)i)]F^^v (with 
~<(/j>vac, ipi — and □ ~ 0) impHes that 

Here, /i^. = fC,i^i/{'nm^^) are the sterino magnetic moments. They are spontaneously generated for 
electrically neutral sterinos. 
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The aim of the present note is to invoke a previous work [5] and show that the existence 
in Nature of two or three generations may be natural for some fundamental sterile spin-1/2 
fermions, whereas three generations are natural for Standard Model leptons and quarks. 
At any rate, such multiplicities of generations appear necessarily if the fundamental matter 
particles are formed in Nature in consistency with Dirac 's square root procedure 



V^r'^p^, (1) 



where the Dirac algebra 



^ r^^i = 2g^"' (2) 



is satisfied, and if an intrinsic Pauli principle holds. The first requirement implies for free 
fundamental matter particles the wave equation in the general form of free Dirac equation 

(r-p-M)V'(x) = 0. (3) 

As we shall see, the second requirement will restrict the form of wave function ■^(x). 

2. Intrinsically composite model for fundamental matter particles 

To justify our claim, note that the general Dirac matrices satisfying Eq. (2) can 
be represented as = F^^^'^, where 

r^^'^'^-^E^r' (A^=l,2,3,...) (4) 

^ i=l 

are built up additively from the AN x 4A'" matrices 7^^^^ being elements of the following 
Clifford algebra: 

|^(^),^^(iv).|^2^,.^^. ^,j^i^2,...,N). (5) 
Then, the free Dirac equation (3) becomes [5] 

(r(^)-p-M(^))V'(^)(x) = o (AT = 1,2,3,...). (6) 
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For = 1, Eq. (6) is the ordinary Dirac equation, while for iV = 2 it is known as 
the Dirac form [6] of Kahler equation [7]. For = 3,4,5,... it gives us new Dirac- 
type equations [5]. When N is odd or even, it describes spin-half-integer or spin-integer 
particles, respectively (for A?" = 2, 3, 4, ... it is spin-reducible). 

Now, in place of the component Clifford matrices 7^^)^ (i = 1, 2, . . . , A") we can use 
their Jacobi-type combinations F^^-*^ (i = 1, 2, . . . , A^) defined as 



^ 1 



F 



{N)^l 



1 



7i 



{1 = 2,3,. ..,N) 



+7r- + ---+7S^-(^-i)7i"^'^ 



(7) 



They form the Clifford algebra 



isomorphic with the Clifford algebra (5) of 'Yi^^^ {i = 1,2, . . . , N) . 
Notice that all Jacobi-type spin and chiral matrices, 



(8) 



r(^)5 = ,-^(^)0p(iV)lpW2p(iV)3 



commute. They satisfy the relations 



(9) 



(10) 



where 



^iN)kl ^ ^,lm^(N)^ ^ j.moi ^ ^^iN)^N)l ; ^ 3, 3) . (11) 

Making use of the chiral representation of all Jacobi-type matrices F^-^'*'^ (i = 1, 2, . . . , A"), 
where all E -^"*^ and T^^^^ {i = 1,2, . . . , N) are diagonal, we can reduce the general free 
Dirac equation (6) to the form 

(7-P-MW)^^^42_^(x)=0 (12) 
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with 7'^ being the ordinary Dirac matrices, while 



^^"^n^) = i^SL-cM) ■ (13) 

In the wave function ■i/'i^ia-.-ajvl^) the numbers = 1,2,3,4 {i = 1,2, . . . , N) denote 
A'" Dirac bispinor indices in the chiral representation of all r^^'*'^ (i = 1,2, .. . ,N). We 
can see that cti may be called the "centre-of-mass" bispinor index and a2 , ■ ■ ■ , ckn — 
the "relative" bispinor indices. Evidently, both notions have an intrinsic character, be- 
cause the constituents of fundamental particles, appearing here, are the bispinor indices 
cti , 0:2 , ... , ctiv being algebraic objects rather than spatial ones (c/. Eq. (13)). 

3. Fundamental matter particles with Standard Model gauge charges 

The Standard Model gauge interactions can be introduced into the general free Dirac 
equation (6) or (12) through the minimal substitution p ^ p — gA{x), where p plays 
the role of the "centre-of-mass" four-momentum, while x represents the "centre-of-mass" 
position. Then, the arising wave equation can be reduced in our chiral representation to 
the form [5] 

{7 ■ [p - 9A{x)] - M(^^}^^^^'^;il^^{x) = , (14) 

where 517 • A{x) symbolizes the Standard Model gauge coupling. It involves within A{x) 
the familiar weak-isospin and color matrices, the weak-hypercharge dependence as well 
as the ordinary Dirac chiral matrix 7^ = i^'^^^^'^^^ [8]. The Standard Model labels are 
suppressed in our notation. 

We can see that in Eq. (14) the "centre-of-mass" bispinor index ai is distinguished 
from all "relative" bispinor indices a2,---,CKN both by its dynamical coupling to the 
Standard Model gauge charges and its kinetic coupling to the four-momentum p. On 
the other hand, all a2, ■ ■ ■ , oln indices, being uncoupled, are mutually undistinguishable. 
Thus, it is natural to postulate that the "relative" bispinor indices a2, ■ ■ ■ ,OiN^ treated 
as intrinsic physical objects, obey the Fermi statistics along with the intrinsic Pauli 
principle requiring full antisymmetry of matter wave function '0ma2...ajv(2^) with respect 
to all q;2, . . . , ajv indices. 
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Then, however, only three sorts of fundamental matter particles corresponding to the 
wave functions 



can be realized for half-integer spin, and only two, corresponding to 

V'iia2('*") ' "^aiaiaaaii-^) = ^0:20:30:40:5 V'iias (•^) ' (1^) 

for integer spin (here, (7^C)"^ = — 7^C). The former carry always spin 1/2, the latter can 
have a priori spin 0,1,2. 

This result has been suggested [5] as a fundamental argument for the existence in 
Nature of three and only three lepton and quark generations. It is also an argument 
for there being in Nature two and only two generations of fundamental matter particles 
with integer spin and Standard Model charges like those of leptons and quarks. If the 
Standard Model Higgs boson is not a matter particle — being rather a messenger particle 
like Standard Model gauge bosons — it does not belong to either of these two matter 
generations with integer spin. 

4. Sterile fundamental matter particles 

When the "centre-of-mass" bispinor index ai of V^i^22.. ajv(^) is not dynamically cou- 
pled to the Standard Model gauge charges {i.e., the corresponding sterile particles carry 
no such charges), then the matter wave equation takes the form (12), where the ai in- 
dex is distinguished from all a2, ■ ■ ■ indices only by its kinematic coupling to the 
four-momentum p. Then, the previous requirement of full antisymmetry valid for all 
02, . . . , cun can be extended also to «i, if and only if Eq. (12) is replaced by a form, where 
kinematic coupling is fully antisymmetrized with respect to all cti, Q!2, ctiv, leading to 
the wave equation 

In particular, for N — 3 Eq. (17) takes the form 
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(18) 

as "0^001/(3^) = ~'0^a'a('^) '^^ initio. Since cti does not differ pliysically from all q;2, . . . , 
in the absence of its dynamical coupling, it is natural to postulate for sterile matter 
particles the full antisymmetry of matter wave function ip^]i2-aN{^) with respect to all 
tti , Q;2 , ... , Q!iv indices, and hence, our wave equation in the form (17). 

In this case, only two sorts of fundamental matter particles corresponding to the wave 
functions 

, i^f,a,a,{x) = ea,a,a^.A^S{^) (19) 

can exist for half-integer spin, and also only two, corresponding to 

for integer spin. They carry always spin 1/2 and spin 0, respectively. 

We have presented above a picture of sterile fundamental particles as it might look like, 
if these particles were nonactive not only with regard to the Standard Model gauge interac- 
tions, but also to all other possible interactions including familiar gravity and hypothetic 
hidden-sector interactions. Assuming that in our intrinsic model these extra interactions 
exist effectively and are coupled to the "centre-of-mass" degrees of freedom, we get the 
situation, where the "centre-of-mass" bispinor index ai is always distinguished from all 
"relative" bispinor indices a2 , ... , 0(n and the latter are mutually undistinguishable. 
Then, there exist three generations of sterile spin-1/2 fermions and two generations of 
sterile spin-0,1,2 bosons, corresponding to the wave functions of the form (15) and (16), 
respectively. In this case, the wave functions (19) and (20) are not realized. We can 
believe that this interacting picture of sterile fundamental particles is more realistic. In a 
previous work [5], we assumed for them the noninteracting picture, where Eqs (19) and 
(20) hold. 
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5. Conclusions 



The fundamental matter particles with spin 1/2 and spin described in Section 4 are 
sterile with regard to the Standard Model gauge charges and so, belong to the hidden 
sector of the Universe. Two or three former, fermions with spin 1/2, if stable, may be 
responsible for the cold dark matter in two or three species, formed up as their thermal 
freeze-out relic. If the higher-mass species are not necessarily stable, they may lead to 
the exciting cold dark matter. Our sterinos in two or three generations, discussed in 
Introduction, can be identified with these two or three sterile matter particles with spin 
1/20. Two latter of the sterile matter particles, bosons with spin 0, if unstable (as may be 
expected), cannot provide the stuff for the cold dark matter. If our steron, also considered 
in Introduction, is not a matter particle — being rather a messenger particle like, probably, 
the Standard Model Higgs boson — it cannot be identified with either of these two sterile 
matter particles with spin 0. 

However, we would like to emphasize that the results (15), (16) and (19), (20) — 
which demonstrate, under our requirements, the existence of specific multiple generations 
of fundamental matter particles both with and without Standard Model gauge charges — 
are obtained independently of our model of hidden sector [4] involving sterinos, sterons 
and quanta of the mediating field A^^. 

An essential ingredient of our model is the sterile mediating field A^^, which inter- 
acts weakly with the electromagnetic field F^i, through the bilinear form ^{i{)F^v + 
'^iCii^i^^fiu'ipi) (the source at A^,y), and so opens the photonic portal between Standard 
Model and hidden sectors. This portal is connected with sterino magnetic moments spon- 
taneously generated by <V5>vac7^ and coupled to F^^. One may mention that the phrase 
"shedding light on dark matter", used neatly in the title of Ref. [10] in connection with 
the hypothetic magnetic moment of cold dark matter, characterizes literatim the situa- 
tion in our model of hidden sector [4], where a narrow photonic portal allows for a weak 
transmission of light to and from the electrically neutral dark matter. 



^In one of earlier papers [9], we considered the option, where two Hght sterile neutrinos, possibly 
needed to explain the not null LSND effect, were identified with these sterile matter particles with spin 
1/2. 
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